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1. INTRODUCTION AND STATEMENTS OF THE MAIN RESULTS 
Let p denote a prime number and let G be a finite group. The irreducible 
complex representations of G are distributed into disjoint systems calle 
the p-blocks of G, which are related to the primitive central idempotents of 
the group algebra of G over the algebraic closure of the field of p elements 
(cf. [S]). In particular, G always has at least one p-block: the p-block of G 
that contains the trivial complex representation of G-called the principal 
p-block of G and denoted by B,,(G). 
In [3, Sect. IV], R. Brauer introduced and studied the following concept. 
DEFINITION 1. If Y is a non-negative integer, then G is said to be of 
p-deficiency class r if all non-principal p-blocks of G have defect less than P. 
Thus G is of p-deficiency class 0 if and only if B,(G) is the only p-block 
of G and G is of p-deficiency class 1 if and only if all bob-princiFa1 p-blocks 
of G (if any) have defect 0. Moreover if G is of p-deficiency class Y, then cer- 
tainly it is of p-deficiency class Y + 1. Also if (Gi, = pa, then G is always of 
p-deficiency class a + 1. 
These observations suggest: 
DEFINITION 2. Let G be of p-deficiency class r. Then G is said to be of 
exact p-deficiency class r of r = 0 or if r > 0 and G is not of p-deficiency 
class r- 1. 
As is well known, a finite p-group is of exact p-deficiency class 0 and a 
finite non-identity p’-group is of exact p-deficiency class 1 (cf. [8, 
Chap. III ] ). 
Our results also utilize the following fundamental concepts of the theory 
of finite gr0up.s (cf. [ll, Sect. 1.51). 
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A finite group X is said to be quasisimple if X is perfect and X/Z(X) is 
simple. In that case, if M is a finite simple group such that X/Z(X)g M, 
then X is said to be of type M. A finite group Y is said to be semisimple if 
either Y is a central product of quasisimple subgroups or Y = 1. Also if H is 
an arbitrary finite group, then H possesses a unique maximal normal 
semisimple subgroup called the layer of H and denoted by L(H). Any sub- 
normal quasisimple subgroup of H is called a component of H and is one 
of the central product factors of L(H). (Clearly any quasisimple central 
product factor of L(H) is a component of H.) Moreover 
F*(H) = L(H) F(H) is called the generalized Fitting subgroup of H (where 
F(H) denotes the Fitting subgroup of H) and F*(H) satisfies C,(F*(H)) = 
Z(F(H)) 6 F*(H). 
We can now state the main results of this paper. 
THEOREM 1. Let G be an arbitrary finite group. Then: 
(a) ifp is an odd prime integer, then B,(G) is the only p-block of G if 
and only if F*(G) = O,(G); and 
(b) B,,(G) is the only 2-block of G if and only if (i) O,(G) = 1 and 
(ii) all components of G are of type Mz2 or M,, . 
Again let p be a prime, let G be a finite group and let IGI, = pa. 
DEFINITION 3. If p is odd, set 6(p, G)= (n~ZlOdn<a and 
F*(N,(Q))= O,(N,(Q)) for every subgroup Q<G with IQ[ =p”>. Also 
set 6(2, G) = {n E Z( 0 <n < c( and NJQ) satisfies (i) O,,(N,(Q)) = 1 and 
(ii).all components of N&Q) are of type Mz2 or M,, for every subgroup 
Q < G with IQ1 = p”>. 
LEMMA 2. Let p be a prime integer, let G be a Jinite group and let 
P E Syl,(G). Then 6(p, G) # @ if and only if Co(P) = Z(P). 
THEOREM 3. Let p be a prime integer, let G be a finite group, let 
P E Syl,(G) and let IG/, = \PI = pa. Then: 
(a) if C,(P) #Z(P), then S(p, G) = @ and G is of exact p-deficiency 
class CI + 1; and 
(b) if C,(P) = Z(P), then 6(p, G) # @ and G is of exact p-deficiency 
class min 6(p, G). 
These results rely on the recently completed classification of all finite 
simple groups (cf. [ 11, Sect. 2.111 for a complete list of all finite simple 
groups) and on various properties of the simple finite groups. In fact, the 
results above utilize [4, Theorem] and: 
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THEOREM 4. We have: 
(a) MI, and M,, are the only finite simple groups of 2-deficiency 
class 0; 
(b) the following finite simple groups are of exact 2-deficiency class 1: 
(i) all finite simple groups of Lie type over a finite field of charac- 
teristic 2, 
(ii) PSL(2, pf) with p an odd prime, f  a positive integer and p f = 9 
or p f a Fermat or Mersenne prime, 
(iii) A, with n = 5, 6 or 8, 
(iv) PSL(3, 3), PSU(3, 3), PSU(4,3), PSp(4,3) and G,(3), and 
(~1 Ml,, M2,, J3, J,, .2 and F3; and 
(c) all other finite simple groups are of 2-deficiency class at least 2. 
In Sections 2 and 3, we derive various results in local analysis and in 
representation theory, respectively, of finite groups that we require for our 
proofs of the four results stated above. The proof of Lemma 2 is completed 
in Section 2 and the proof of the odd p case in Theorem 1 is completed in 
Section 3 utilizing [4, Theorem]. Then, in Section 4, we present our proof 
of Theorem 4 and complete our proof of Theorem 1. Finally, in Section 5, 
we prove Theorem 3. 
All of the groups in this article are finite. 
Our notation is standard and tends to follow the notation of [S], [to] 
and [Ill. 
2. RESULTS IN LOCAL ANALYSIS OF FINITE GROUPS 
AND A PROOF OF LEMMA 2 
In this section, we derive various results in local analysis of finite groups 
that are required in the proofs of our main results and we complete a proof 
of Lemma 2. 
Throughout this section, p will denote a prime integer and G will denote 
a finite group. 
Our first three results are well known. 
LEMMA 2.1. Suppose that H d Z(G) and Q < G and set (2, = 
CGCQ) = CG(Ql) and QC&2) = Ql CG(Q1). 
LEMMA 2.2. The following two conditions on G are equivalepzt: 
(a) F*(G) = O,(G); and 
(b) G possesses a normal p-subgroup P such that C,(P) < P. 
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LEMMA 2.3. Let PE Syl,(G). Then the following three conditions on G 
are equivalent: 
(a) FYN&‘)) = P; 
(b) C,(P)=Z(P); and 
(c) PC,(P) = P. 
LEMMA 2.4. Suppose that H < 0,(2(G)) and set G = G/H. Then: 
(a) the image mapping A -F d defines a one-to-one correspondence 
between the p’-subgroups of G and the p’-subgroups of G such that 
(1) IAl = 121 for any p’-subgroup A of G, and 
(2) A is normal (resp. subnormal) in G if and only if A is normal 
(resp. subnormal) in G; and 
(b) the image mapping K -+ K defines a one-to-one correspondence 
between the components of G and the components of G such that K/Z(K)% 
K/Z(K). 
Proof Clearly (a) follows readily from [lo, Theorem 6.2.1 (Schur- 
Zassenhaus)]. Let K be a component of G. Then it is obvious that I? is a 
component of G and K/Z(K)rK/Z(i?). Conversely suppose that E is a 
component of G. Let K denote the full inverse image of K in G and set 
J= K’“‘. Then 3= K, Ja aG, S = J and S(J) = Z(J). Thus [J, S(J)] < 
H6 Z(G) and [J, S(J), J] = 1. The Three Subgroup Lemma [lo, 
Theorem 2.2.3) yields [J, S(J)] = 1 and hence S(J) = Z(J). It follows that 
J is a component of G. Since K= JH, it is clear that all of (b) holds. 
Let Q be a p-subgroup of the group G. Let X= @I’,(Q) and let 
W= O,(X). Thus Qs WaX and X< NC(Q) 6 NJX) < NG( W). Let z be 
a non-empty set of primes with p 4 71. In this setting we have: 
LEMMA 2.5. Let Y be a subgroup of G such that X< Y< N,( W). Then: 
(a) O,(CAQ)) = O,(X) = O,( Y> = O,WG(Q)); and 
(b) L(G(Q), = L(X) = L(Y) = L(No(Q)). 
Proof Let 1 #R be a subnormal z-subgroup of Y or let 1 #R be a 
component of I’. Then [R, O,(Y)] = 1 and hence [R, W] = [R, Q] = 1 
since Q d Wd O,(Y). Thus R_a _a C,(Q)s X. Next let 1# R be a subnor- 
mal n-subgroup of C,(Q) or let 1 # R be a component of C,(Q). Then 
R< Y<N,(W) and [R, W] = 1. Thus R<C,(W)dGAQ>, 
Rd d C,( W)s NG( W) and hence Ra a Y. Now both (a) and (b) follow. 
For simplicity of exposition in this paper, we introduce: 
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DEFINITION 4. (a) For any odd prime p, a finite group G is said to be 
of Up&type if F*(G) = O,(G); and 
(b) a finite group G is said to be of U2B-type if (i) Q,(G) = 1 an 
(ii) every component of G is of type M,, or M,,. 
LEMMA 2.6. Let Q be a p-subgroup of the group 6, let H be a p-subgroup 
of G such that H 6 Z(G) and set G = G/H. Then the following four conditions 
are equivalent: 
(a) NG(Q) if of UP-type; 
@I G(Q) is of QWwe; 
(c) NG(QH) is of UpB-type; and 
(Ct) N&Q) is of UpB-type. 
Proof Set R= QH and note that C,(Q)= C,(R) by Lemma 2.1 and 
that R is the inverse image of Q in 6. Lemma 2.5 implies that (a), (b) and 
(c) are equivalent. For the rest, it follows that we may assume that 
H < R = Q. Then Y = Stab,( Q 3 H > I ) is the inverse image of C,(Q) in G, 
QY is the inverse image in G of QCc(&) and QC,(Q) < Y < NJQ). Thus 
NC(Q) is of UpB-tye if and only if Q Y is of Up&type by Lemma 2.5. - 
However, QY is of UpB-type if and only if QY/H= Y= @z,(Q) is of 
UpB-type by Lemma 2.4. Since Lemma 2.5 implies that QCc(Q) is of 
Up&type if and only if NG(Q) is of UpB-type, the proof of (b) is complete. 
Clearly Lemma 2.3 yields: 
LEMMA 2.7. Let PE Syl,(G). Then the following two conditions are 
equivalent: 
(a) N,(P) is of UpB-type; and 
(b) C,(P) = Z(P). 
LEMMA 2.8. Suppose that the group G is of UpB-type and let z E G with 
/z/ = p. Then C,(z) is also of UpB-type. 
Proof. Set H= C,(z). A basic result of tl: Bender (cf. [9, 
Lemma 12.51) completes the odd p case. Hence we may assume that p = 2. 
By [ 1, Table 11, every component of G is balanced in the sense of [f2, 
Definition I]. Then [ 12, Lemma 2.31 implies that Q,(N) = I. We shall 
show that every component of H is of type M,, or M2,+. Let K be a com- 
ponent of G such that K’ = K and [K, z] # 1. Set it4 = K( z ) so that Ks M 
and C,(K)9 M. Clearly C,(K) n K= Z(K) < Z(C,(K)) and [C,(K): 
Z(K)\ <2. Thus C,(K) is an abelian 2-group since Z(K)= O,(K). Also 
Z(C,w(K)K) = C,(K). Set A= M/C,(K). Then @= R(g), IZj = 2: 
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R~K/Z(K)EM~, or Mz4 and a is isomorphic to a subgroup of Aut(R) 
that contains Inn(R) of index 1 or 2. Now [l, Table 11 implies that 
&(Clii(Z)) = 1. Then [13, Lemma 2.17(a)] implies that L2(CK(z)) = 1. 
Finally, [ 13, Lemma 2.19-J yields the desired conclusion. 
LEMMA 2.9. Let Q and R be p-subgroups of the group G such that Q < R. 
Assume that NG(Q) is of UpB-type. Then N,(R) is of UpB-type. 
ProoJ: Lemma 2.5 and [9, Lemma 12.61 (a basic result of H. Bender) 
complete the odd p case. Hence we may assume that p = 2. 
Clearly, by induction on IR: (21, we may assume that JR: Ql = 2 and 
QaR. Clearly C,(R)<C,(Q)(~QC,(Q)ZSRC,(Q),<N,(Q) since 
R< N,JQ). Let X= RC,(Q) and set y=X/Q. Then 02(X)= 02(C,(Q)) 
and Q&(Q) = (QCo(Q))lQ~Co(Q)/~(Q). Also @I= 2, C,(R) = C,(R) 
and 02(C,(a)) = 02(C,(R)) by L-10, Theorem 5.3.21 since 
02(X) = O’(C,(Q)). As O,(N,(Q)) = Oz(C,(Q)) = O,(X) = 1, we also 
have 02(x) = 1. On the other hand, L(N,(Q)) = L(C,(Q)) = L(X) and 
L(x)= L(QC,(Q)). Now [13, Lemmas 2.17 and 2.181 and the fact that 
QC,(Q) E C,(Q)/.??(Q) imply that every component of B is of type M22 or 
M24. Hence Lemma 2.8 implies that C,(a) is of U2B-type. Then 
02(Cx(R)) = O*(C,(R)) forces O,,(C,(R)) = O,,(C,(R)) = 1. Also if K is a 
component of C,(R) = C,(R) then KS a 02(C,(R)) and 
XI! r! 02(C,(R)) = G2(CR(R))~ CR(R) and it is clear that K is of type 
M22 or M,,. This proof is now complete. 
We conclude this section by combining Lemmas 2.7 and 2.9 to conclude: 
LEMMA 2.10. We have: 
(a) Lemma 2 holds; and 
(b) if IG), = p”, 6(p, G) # @ and minJ(p, G) < m d a, then 
m E J(P, G). 
3. RESULTS IN REPRESENTATION THEORY OF FINITE GROUPS 
AND A PROOF OF THEOREM l(a) 
In this section, we derive various results in the representation theory of 
finite groups that are required in the proofs of Theorems 1, 3 and 4 and, 
using [4, Theorem], we complete our derivation of Theorem l(a). 
Throughout this section, p will denote a prime integer, r will denote a non- 
negative integer and G will denote a finite group. 
For the convenience of the reader, we restate two well-known results (cf. 
[S, V, Corollary 3.11 and Lemma 4.51). 
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EEMMA 3.1. Suppose that Q is a normal p-subgroup of G such that 
CG(Q) < Q. Then B,(G) is the only p-block of 6. 
LEMMA 3.2. Suppose that Q is a normal p-subgroup of G such that 
[Or’(G), Q] = 1. Set G= G/Q. Then inclusion Bc B defines a one-to-one 
correspondence from the set of all p-blocks B of G onto the set of ail p-blocks 
6. Also tf D is a defect group of the p-bloc 
= D/Q is a defect group of the unique p-block 
Clearly [S, IV, Theorem 4.5(i) and Lemmas 4.19 and 4.201 yield: 
LEMMA 3.3. Let x be an irreducible complex character belonging to the 
p-block 61 of G. Then x( 1 )P = jG/, (f and only if has defect 0. Moreover in 
that case, x is the only irreducible complex character belonging to B. 
LEMMA 3.4. Let PE Syl,(G) with /Pi = pn. The following four co~d~t~o~zs 
are equivalent: 
(a) B,(G) is the only p-block ofG with defect group P; 
(b) G is of p-deficiency class X; 
(c) C,(P) = Z(P); and 
Cd) Q,OW’)~ = 1. 
Proof: Clearly (a) and (b) are equivalent by definition and (c) andt (d) 
are equivalent by Lemma 2.3. As C,(P) = Z(P) x O,,(N,(P)), all p-blocks 
of C,(P) have Z(P) as their only defect group and the p-blocks of G,(P) 
are in one-to-one correspondence with the irreducible complex characters 
of Q,.(N,(P)) by Lemma 3.2. Now [S, V, Lemma 5.21 implies that (a) 
and (d) are equivalent and we are done. 
Clearly Lemma 3.2 yields the following sharpening of [3, 
Remark 41. 
LEMMA 3.5. Let Q be a normal p-subgroup of G such that 
COP(G), Q] = 1 and IQ/ =p”. Set p=max{v-n,O). IFlzerz: 
(a) G is of p-deficiency class r if and only if G/Q is of p-deficiency 
class j; and 
(b) G is of p-deficiency class 0 if and only $ G/Q is of p-deficiency 
class 0. 
This result immediately yields: 
COROLLARY 3.6. Let x E G with 1x1 = p. The following three cond~t~~~~~~ 
are equicalent: 
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(a) C,(x) is of p-deficiency class 1; 
(b) C,(x)/(x) is of p-deficiency class 0; and 
(c) C,(x) is of p-deficiency class 0. 
Also for the convenience of the reader, we restate [3, Theorem 41. 
LEMMA 3.7. If G is of p-deficiency class r, then C,(x) is also of 
p-deficiency class r for all XE G with 1x1 = p. If r > 0 and C,(x) is of 
z;t;f;iency class r for all x E G with 1x1 = p, then G is also of p-deficiency 
This result combined with Corollary 3.6 yields: 
COROLLARY 3.8. The group G is of p-deficiency class 1 if and only if 
C,(x) is of p-deficiency class 0 for all x E G with (xl = p. 
Then Lemma 3.1 implies: 
COROLLARY 3.9. Suppose that F*(C,(x)) = O,(C,(x)) for every x E G 
with Ix/ = p. Then G is of p-deficiency class 1. 
LEMMA 3.10. Let H be a normal subgroup of G. Let B be a p-block of G 
and let b be a p-block of H that is covered by B. Then: 
(a) if B = B,(G), then b = b,(H) is the unique block of H that is 
covered by B = B,(G); and 
(b) if B has p-defect 0, then b also has p-defect 0. 
ProojY Clearly (a) follows from [S, V, Lemma 2.31, so assume that B 
has p-defect 0. Let /Gj, = pa. Now B contains precisely one complex 
irreducible character 1 of G and x( l)P = p”. Let ;1 be an irreducible con- 
stituent of x(~, let e = (x(~, 1) > 1 and let T= I,Jn). Then there is an 
irreducible complex character p of T such that pG = x and pIH= e/Z. As 
x( 1) = ) G: T/ p( 1 ), we conclude that p( l)P = 1 Tj, and p is the unique com- 
plex character in a p-block of T that has defect 0. Hence we may assume 
that G = T, x = p and xJH = e1. However, eJ IG/HI by [14, V, 17.91 and 
/2(1)( IHI. Since x(l),= jG(,= IG/HI,IHi,~ee,n(l),=X(l),, we conclude 
that /2( l)P = IHI, and (b) follows. 
LEMMA 3.11. Let H be a subnormal subgroup of the group G. Suppose 
that G is of p-deficiency class r. Then H is of p-deficiency class r. 
ProoJ: Clearly we may assume that Hs G. Let b a p-block of H with 
b # b,(H). As in [S, V, Sect. 31, there is a weakly regular p-block B of G 
that covers b and there is a defect group D of B such that D n H is a defect 
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group of b. Since b # b,(H), Lemma 3.4(a) yields B# B,(G). Thus 
JD n HI < IDI < pr and b has defect less than r. The proof is complete. 
Since non-identity p’-groups are of exact p-deficiency class 1, we have: 
COROLLARY 3.12. If the group G is of p-deficiency class 0, then 
Q,,(G) = 1. 
COROLLARY 3.13. Let 1 #Ha SG and assume that G is of exact 
p-deficiency class 1. Then H is also exact p-deficiency class 1. 
Prooj Clearly we may assume that NaG and that 1y is of p-deficiency 
class 1 by Lemma 3.11. Let B be a p-block of G of defect 0 and let b be a 
p-block of H that is covered by B. Then Lemma 3.10(b) implies that b is 
also of defect 0 and we are done. 
We conclude this section with: 
LEMMA 3.14. Theorem 1 (a) holds. 
Pp.oojY If F*(G) = O,(G), then B,(G) is the only p-block of G by 
Lemma 3.1. Conversely assume that B,(G) is the only p-block of 6. Then 
Corollary 3.12 implies that O,(G) = 1. Suppose that K is a component of 
6. Then K is of p-deficiency class 0 by Lemma 3.11. Hence K/Z(K) is also 
of p-deficiency class 0 by Lemma 3.5(b) since Z(K) = O,(K). ~ow~~~~, 
K/Z(K) has at least two p-blocks by [4, Theorem] and we have a con- 
tradiction. Thus L(G) = 1, F*(G) = Q,(G) and we are done. 
4. A PROOF OF THEOREMS 4 AND I(b) 
In this section, we use the classification of finite simple groups an 
various properties of these groups to derive Theorem 4. 
LEMMA 4.1. Let p be a prime and let G be a finite simple group of Lie 
type over a finite field of characteristic p. Then G is of exact p-deficiency 
class I. 
Proof. Let x E G with /xl= p. Then F*(C,(x)) = O&G,(x)) by a result 
in [2]. Hence G is of p-deficiency class 1 by Corollary 3.9. On the other 
hand, the Steinberg irreducible complex character x of G satisfies 
x( 1) = (G(, (cf. [S, Theorem 21) and hence x lies in a p-block of G of defect 
0 and we are done. 
LEMMA 4.2. Let p be an odd prime and iet f be a positive integer such 
that p?‘> 3. Then 
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(a) PSL(2, pf) is not of 2-deficiency class 0; and 
e iciency class 1 zf and only if pf = 9 or pf is a 
Fer mf*) orpE~s~n!C’p~i~~.2~d ’ 
ProoJ Let G = PSL(2, pf), so that G is simple and IG( = pf(pf + 1) 
(pf-1))/2. Let 6= $1 b e c h osen to satisfy pf E 6 (mod 4). Let x be an 
involution of G. Then C,(X) is dihedral of order pf - 6 by [ 14, II, 8.271. 
Clearly the results of Section 3 imply that the following three conditions 
are equivalent: (i) G is of 2-deficiency class 1; (ii) O,,(C,(x)) = 1; and 
(iii) pf - 6 = 2” for some integer s > 2. Then [4, Lemma 2.41 implies (b). 
On the other hand, )Gl, = (pf - 6), and it is easy to see from [6, 
Theorem 38.11 that G possesses an irreducible complex character x with 
x( 1) = p’ - 6. Consequently G has a 2-block of defect 0 by Lemma 3.3 and 
(a) also holds. 
Clearly Lemma 3.2 yields: 
COROLLARY 4.3. If p is an odd prime and f is a positive integer such that 
p.‘> 3, then SL(2, pf) is not of 2-deficiency class 1. 
For the next two results, let n be a positive integer with n 2 2 and set 
G=Zn and H=A,. 
LEMMA 4.4. The following four conditions hold: 
(a) if n E { 2, 4}, then G is of 2-deficiency class 0; 
(b) ij”nE (3, 61, then G f 1s o exact 2-deficiency class 1; 
(c) fn = 5, then G has exactly two 2-blocks: the principal 2-block and 
a 2-block of defect 1, and, hence, G is of exact a-deficiency class 2; and 
(d) if n > 6, then G is not of 2-deficiency class 1. 
Proof. Clearly (a) follows from Lemma 3.1. If n E 13, 6}, then G has 
exactly two a-blocks: the principal 2-block and a 2-block of defect 0 by 
[15, Sects. 6.1-6.31. Moreover, this reference also yields (c). Assume that 
M > 6 and let x E G be a transposition. Then 1x(= 2 and C,(x) = (x) x Y 
for some subgroup Yr 2, _ 2. As n - 2 > 4, Y is not of 2-deficiency class 0 
by induction on n. Thus C,(x) is not of 2-deficiency class 0 by Lemma 3.11 
and hence (d) follows from Corollary 3.8. 
LEMMA 4.5. The following three conditions hold: 
(a) ifn E (3, 5, 6, S}, then H is of exact 2-deficiency class 1; 
(b) if n = 4, then H is of 2-deficiency class 0; and 
(c) ifn = 7 or n > 8, then H is not of 2-deficiency class 1. 
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Proof. Clearly the n = 3 and n = 4 cases follow from Section 3. As 
A,rPSL(2,4), A,zGGL(4,2) and X’,rPSp(4,2), Corollary 3.13 and 
Lemma 4.1 combine to complete a proof of (a). For n = 7 and x an 
involution of H, we have O,(C,(x)) # 1, C,(X) is not of 2-deficiency 
class 0 and H= A, is not of 2-deficiency class I as above. Assume that 
n > 8. Then n -4 > 4 and H contains an involution x such that 
C,(x)‘“‘r A, --4 and (c) follows similarly by induction on iz. 
LEMMA 4.6. Let G be a simple group of Lie type over a finite field of odd 
characteristic. Then 
(a) G is not of 2-deficiency class 0; and 
@I is of exact 2-deficiency class 1 if and only tf G is isomorphic to one 
of the following groups: PSL(2, q) with q = 9 or with q > 3 and q a Fermat or 
Mersenne prime; PSL(3, 3); PSU(3, 3); PSU(4, 3); PSp(4, 3); or G,(3). 
ProofI Let G be a simple group of Lie type over a finite field of o 
order q = p f where p is an odd prime, f is a positive integer and assum.e 
that G is of 2-deficiency class 1. Then if x is an involution of G and 
Hd sCc(x), Corollary 3.8 and Lemma 3.11 imply that N is of 
Zdeficiency class 0. Also Lemma 4.2 implies that we may assume that G is 
not isomorphic to PSL(2, q). Then [13, Lemma 5.21 and Corollary 4.3 
imply that either (i) q = 3 or (ii) p = 3, f 3 3, f is odd and Gr2G,(q). 
However, [T13, Lemma 4.23(b)] and Lemma 4.2(a) eliminate (ii). Thus 
q= 3. 
Suppose that G= PSL(3, 3). Then G has by [13, Sect. 3A] exactly one 
conjugacy class of involutions. If z is an involution G and H= C,(z), 
then F*(H) = O,(H); thus G is of 2-deficiency class 1 Corollary 3.8. On 
the other hand, by [18, Table 51, G possesses an educible complex 
character of degree 24 = / G( 2. Thus G has a a-block of defect 0 and hence G 
is not of 2-deficiency class 0. Next suppose that G = P 
is an involution z e G such that C&Z)(~)Z PSL(2,9). ce G is not of 
2-deficiency class 1. We prove that G = PSL(m, 3) is not of 2-deficiency 
class 1 for all integers m 3 4 by induction on m. Clearly we may assu 
that m 3 5. However, (cf. [ 13, Sect. 3A) ), there is an involution z E G sue 
that N= C,(z) possesses a component K with Z(K) 
K/Z(K)= PSL(m - 2,3). Since m - 2 3 3, we conclude by 
hypothesis that K and hence H are not of 2-deficiency 
6 = PSL(m, 3) is not of %-deficiency class 1 for all integers nz 3 4. 
Suppose that G = PSp(4,3), then G z PSU(4,2) an hence G is of exact 
2-deficiency class 1. An argument utilizing [13, Sect. 3 ] and similar to the 
argument just above implies that PSp(2m, 3) is not of 2-deficiency class 1 
for all integers m 3 3. 
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Suppose that G = PSU(3, 3) or G = PSU(4,3). Let z be an involution of 
G. Then F*(C,(z))= O,(C,(z)) by 1113, Sect. 3C]. Hence G is of 
2-deiiciency class 1 by Corollary 3.9. However, PSlJ(3,3) has an 
irreducible complex character of degree 25 = IPSU(3, 3)12 by [18, Table 61 
and PSU(4, 3) has an irreducible complex character of degree 
640 = 5.2? = 5 JPSU(4, 3)j2 by [17]. Thus G is of exact 2-deficiency class 1. 
As above, it follows from [ 13, Sect. 3C] that PSU(m, 3) for all m > 5 is not 
of 2-deficiency class 1. 
Next suppose that G= P.Q(m, 3) for some integer m 3 7. Then [13, 
Sect. 3D] implies that there is an involution z E G such that C,(z) has a 
component K with Z(K) = O,(K) and K/Z(K) r PSU(4,3). As above, we 
conclude that G is not of 2-deficiency class 1. 
From [7, Table VII-21, we observe that G,(3) has an irreducible com- 
plex character of degree 26 = IG,(3)1 2 so that G,(3) has a 2-block of 
defect 0. Now [13, Lemma 4.22(b)] and Corollary 3.9 imply that G,(3) is 
of exact 2-deficiency class 1. 
Finally, 1113, Lemmas 4.20(b), 4.25(b), 4.24(d), 4.19(b), 4.21(b) and 
4.26(b)] implies, as above, that none of E;,(3), E,(3), E,(3), E,(3), 3D,(3) 
and 2E6(3) are of 2-deficiency class 1. The proof of Lemma 4.6 is now com- 
plete. 
For the 26 sporadic simple groups, [16, Table] yields: 
LEMMA 4.7. The following three conditions hold: 
(a) M22 and Mz4 are of 2-deficiency class 0; 
(b) M,, , Mz3, J3, J4, .2 and F3 are of exact 2-deficiency class 1; and 
(c) all of the remaining 18 sporadic simple groups are not of 
2-deficiency class 1. 
Clearly Lemmas 4.1, 4.5, 4.6 and 4.7 imply Theorem 4. 
Our final result of this section presents a proof of Theorem l(b). 
LEMMA 4.8. A finite group G is of2-deficiency class 0 if and only if G is 
of U2B-type. 
ProoJ: Suppose that B,(G) is the only 2-block of G. Then 
Corollary 3.12 implies that O,.(G) = 1. Let K be a component of G. Then 
Z(K) = O,(K) and K/Z(K) is a simple group of 2-deficiency class 0 by 
Lemmas 3.5(b) and 3.11. Applying Theorem 4(a), we conclude that G is of 
U2B-type. 
Conversely suppose that G is of U2B-type. We shall prove that G is of 
2-deficiency class 0 by induction on IGJ. The IG( = 1 case is clear. Suppose 
that Z(G)#l. Set G=G/Z(G). Since Z(G)<O,(G), [13, Lemmas 2.16(c), 
2.17(a) and 2.181 forces G to be of U2B-type. As jGI < IGj, we conclude 
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that G is of 2-deficiency class 0. Now Lemma 3.5(b) implies that G is of 
2-deficiency class 0. Consequently we may assume that Z(G) = I# /GI. 
Let z be an involution of G and set H= C,(z), so that H < 6. Now 
Lemma 2.8 implies that H is of U2B-type. By the induction hypotheses, we 
conclude that H is of 2-deficiency class 0. Thus G is of 2-deficiency class 1 
by Corollary 3.8. Note that F*(G) # 1, and that O,(G) and all components 
of G are of a-deficiency class 0 by Theorem 4(a) and Lemma 3.5(b). Now 
Corollary 3.13 implies that G is not of exact 2-deficiency class 1. Thus 6; is 
of 2-deficiency class 0 and we are done. 
5. A PROOF OF THEOREM 3 
Let p, G, 4” and ct satisfy the hypotheses of Theorem 3. 
Assume that C,(P) # Z(P). Then Lemmas 2.9 and 3.4 imply 
6(p, G) = @ and G is not of p-deficiency class CI. Consequently G is of exact 
p-deficiency class CI + 1. Thus we may assume that C,(P) = Z(P). Therefore 
F*(N,(P)) = O&N,(P)) by Lemma 2.3, x E 6(p, G) and 6(g, G) # a. Let 
p=min 6(p, G), so that O<j?pcz. 
If p = 0, then Theorem 1 implies that G is of exact p-deficiency class 
0 = /3. Consequently we may assume that j? > 0. We proceed by induction 
on /G/. 
Assume that there is an element z E Z(G) with jz\ = p and set G = G/(z). 
Clearly z E P, O,(NG(B)) = 1 and G&p) = Z(P). Also fl= I implies that 
NJ(z)) = 6; if of UpB-type which implies that p = 0, a contradiction. Thus 
fi > 1 in this case. Let i? < G with 181 = pp -’ and let R denote the inverse 
image of i? in G. Then z E R, \Rl = p” and N,(R) is the inverse image of 
N,(a) in 6. Also N,(R) is of UpB-type. Tbus IV&) is also of Up 
by Lemma 2.6(d). Consequently G is of p-deficiency class p - 1 since 
IGi < jG/. But then G is of p-deficiency class /I by Lemma 3.5(a). Cn the 
other hand, G possesses a subgroup S with \S\ = pp - 1 such that NJS) is 
not of Up&type. Hence NG(S) is not of Up&type by Lemma 2.6(d). Thus 
IS\ < p”- I, IS\ = ppw2 and G is of exact p-deficiency class fl- 1 since 
iG\ < /G(. Then G is of exact p-deficiency class fl by Lemma 3.5(a). Con- 
sequently we may assume that O,(Z(G)) = 1. 
Let z E G with /z/ = p and set N = C&Z). Thus drp < G. We claim t 
of p-deficiency class p. Clearly this holds if I’ll, < p”. Let Q 6 
IQ1 = p”. Then C,(Q) = C,(Q(z)) = C,(Q(z>) by Lemma 2. 
lQ<z>l E {P”, p’+lj and hence C’G(L?<~))= Cw(Q) and N&Q 
Up&type by Lemmas 2.6 and 2.9. Thus N,(Q) is of Up 
Lemma 2.6. As jH\ < j G\, we conclude that M is of ~-~c~ci~ncy class 
Then, as p > 0, Lemma 3.7 forces G to be of p-deficiency class fl. On t 
other hand, G possesses a subgroup S with /S/ = p”- ’ such that N,(S) is 
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not of UpB-type. Let z E Z(S) with Iz/ = p and set H = C,(z). Then 
C,(S) = C,(S) and Lemma 2.6 implies that C,(S) is not of UpB-type. 
Thus, as IHI < )GJ, H is not of p-deficiency class /I - 1. Now Lemma 3.7 
implies that G is not of p-deficiency class p - 1. The proof of Theorem 3 is 
now complete. 
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